Abstract-The finite element implement of the generalized Lorenz gauged A formulation has been proposed for low-frequency modeling. However, the inverse of mass matrix of intermediate scalar in the finite element implement leads to additional computation cost and dense coefficient matrix. In this paper we propose to adopt a diagonal lumping mass matrix in the finite element discretization of the generalized Lorenz gauged double-curl operator in charge-free electromagnetic problems. Consequently, a sparser discrete system with improved condition number is thus obtained which is more favourable for low-frequency modeling in frequency-domain analysis. Furthermore, we apply the diagonal lumping formulation in time-domain analysis, showing that it can remedy spurious linear growth problem. Numerical examples are used to demonstrate the validity.
INTRODUCTION
Over the past decades, edge element method has been extensively studied in solving 3-dimensional electromagnetic problems, since it effectively avoids spurious solution arising from nodal element method [1] . However, in the framework of edge element method, the discretization of double-curl operator suffers from null space problem, triggering other numerical difficulties such as low-frequency breakdown in frequency-domain full-wave analysis [2] [3] [4] [5] , and spurious linear growth in time-domain full-wave analysis [6, 7] .
A general approach to overcome those numerical difficulties is using tree-cotree splitting method to remedy those numerical difficulties [2, 3, 6, 8] . By employing an inexact Helmholtz decomposition for edge elements, this method provides a more reliable solution. To apply this method, one should select a minimum spanning tree on the finite element mesh. However, this choice is non-unique, and an improper spanning tree often gives rise to a severely ill-conditioned system [8] . Another general effective approach to resolving the numerical difficulties arising from the null space is by using mixed formulation [9, 10] . In this approach, divergence free constraint is explicitly imposed in electromagnetic formulation by introducing a scalar Lagrangian multiplier. After finite element discretization, it results in a discrete saddle point system. In this saddle point system, the saddle point matrix C = [KG T ; G0] can be comprehended as the discrete double-curl operator K with divergence free constraint, where G is the discrete divergence operator. The mixed formulation has been proved to be stable and wellposed, suitable for source problems at an arbitrary frequency. Unfortunately, the saddle point system is generally severely ill-conditioned, which is hard to solve by a typical iterative solver, unless a special iterative strategy or preconditioner is designed for it [11] .
Instead of constructing special iterative strategies and preconditioners for the saddle point problem, the discrete regularization method can be used to approximate the solution to the saddle point system. The discrete regularization method was first proposed by Bespalov in the analysis of electromagnetic eigenvalue problems [12] , and was also investigated in [13] . The underlying idea is transferring the saddle point system into its penalty form which can be solved more easily. The regularized discrete double-curl operator T = K + G T P −1 G can be derived by introducing a perturbation matrix P into the zero block (2, 2) of the saddle point matrix C and eliminating Lagrangian multiplier degree of freedoms. The choice of P plays an important role in the numerical performance of T , such as sparsity and condition number. A simple choice is the scaled identity matrix γI or lumped mass matrix L of the Lagrangian multipliers, a great merit of which is its inverse is still diagonal providing a sparse T [13] . However, though T = K + G T P −1 G is positive definite, it is probably ill-conditioned in practice.
Recently, a generalized Lorenz gauged AΦ formulation is proposed [14] . In the finite element implement of the generalized Lorenz gauged A formulation, inspired by differential forms theory, the divergence of A is first taken as an intermediate scalar to be discretized and then condense the unknown scalar in the final formulation [15, 16] . Therefore, the direct action of divergence operator on A, which is difficult in the framework of edge element method, is bypassed. The discretization inspired by differential forms is similar to the discrete regularization of mixed formulation. A great merit of the discretization in [15] is that generalized Lorenz gauged double-curl operator has a close relationship with Laplacian operator, which is not manifest in common discrete regularization. However, in the discretization, the inverse of the mass matrix of the intermediate scalar leads to additional computation cost and dense coefficient matrix, even though the sparse approximate inverse (SAI) technique was adopted. The more accurate the approximation of L −1 , the denser L −1 becomes. In fact, the accurate computation of L −1 is not necessary in the case of charge-free problems.
Inspired by the generalized Lorenz gauged double-curl operator in A formulation and diagonal lumping discrete regularization of mixed formulation [13] , and also diagonal lumping Hodge operator in [17] , we propose to adopt diagonal lumping mass matrix in the finite element discretization of the generalized Lorenz gauged double-curl operator. Compared with the discretization using SAI in [15] , it saves additional computation cost of the inverse of mass matrix of intermediate scalar and obtains a sparser discrete system. The diagonal lumping formulation can be applied in frequency-domain fullwave analysis, including the limit case of magnetostatic field, to overcome low-frequency breakdown. Furthermore, it can also be used to suppress the spurious linear growth in time-domain full-wave analysis.
The remainder of this paper is organized as follows. In Section 2, the compatible finite element discretization of generalized Lorenz gauged charge-free A formulation with diagonal lumping is introduced. Section 3 applies the formulation to resolve the low-frequency breakdown problem in frequency-domain analysis and spurious linear growth problem in time-domain analysis. In Section 4, numerical examples are used to verify the proposed method. Finally, Section 5 contains concluding remarks.
COMPATIBLE DISCRETIZATION WITH DIAGONAL LUMPING

Generalized Lorenz Gauged A Formulation
By introducing the following decomposition of electric field intensity E in Maxwell's equations, E = −∂ t A−gradΦ.
(1) a 3-dimensional inhomogeneous electromagnetic problems in domain Ω can be described as follows,
curlνcurlA + ε∂ 
Maxwell's equation is separated into Φ formulation and A formulation, divεgradΦ−χ∂
where
In this study, we only consider charge-free electromagnetic problem, so only the generalized Lorenz gauged A-formulation (6) is taken into account. At the boundary of perfect electric conductor defined by Γ E , A satisfies,
and at the boundary of perfect magnetic conductor Γ H it is defined as,
It is worth noting that the sum of the first two terms at left hand side of formulation (6) can be regarded as the generalized Lorenz gauged double-curl operator. Moreover, in inhomogeneous media, it has a close relationship with Laplacian operator when α = 1. One merit of the gauged double-curl operator is that it generally leads to a symmetric positive system, as we will show in the following section.
Compatible Finite Element Discretization
Because divεA in A formulation (6) is not defined in the framework of edge element method, an intermediate unknown scalar p is introduced to represent −χ −1 divεA, resulting in the following equivalent formulation, curlνcurlA + εgradp+ε∂
Furthermore, the weak form of (10) and (11) can be written as,
On the other hand, the weak form (12) and (13) is also a kind of discrete regularization of mixed formulation of A and p,
Ω gradq·εAdΩ = 0∀q.
Those weak forms are not written in mathematically strict form since those vector fields should have been defined in appropriate Sobolev spaces. After numerical discretization of the weak form in Eqs. (12) and (13), using the finite element with the lowest order Nédélec elements of the first kind for the approximation of the vector field A and standard nodal elements for the scalar p, we obtain the discrete system,
where ξ ∈ R n and η ∈ R m are finite arrays denoting the finite element approximations of A and p, and ζ ∈ R n is the load vector of J in discrete form. The discrete double-curl operator K ∈ R n×n , vector mass matrix M ∈ R n×n of A, the discrete divergence operator G ∈ R m×n , and mass matrix L of p are as follows,
where W i and N i are standard edge and nodal basis functions. Furthermore, a reduced form of (16) can be obtained by condensing the discrete multipliers η,
Diagonal Lumping of Mass Matrix
We denote G T L −1 G by the discrete generalized Lorenz gauge matrix R in Eq. (22) and denote K + R by the discrete Lorenz gauged double-curl operator T . Because null(K) ∩ null(R) = {0} and K and R are both positive definite on the null space of each other, T is positive definite. When α approaches zero, Eq. (22) approximates the original saddle point system in Eqs. (14) and (15). α > 0 always results in a symmetric positive definite matrix T . To make use of an iterative solver for Eq. (22), one needs to carefully choose α to improve the condition number of T . Generally, α is set to 1 so that T is equivalent to the discrete Laplacian operator. In addition, L −1 in Eq. (22) is not sparse, and the sparsity of matrix R is thus largely destroyed, even if SAI is used. Here we choose diagonal lumping L to save the additional computational cost and guarantee a sparse R at most. In fact, even with a diagonal lumping L, R and T are denser than K. For illustration purposes, here we take inter-related edges in 2-dimensional mesh for example. As shown in Figure 1 , for the given edge highlighted in red, its associated edges highlighted in green in matrix T with diagonal lumping, shown in Figure 1 
APPLICATIONS IN FREQUENCY AND TIME DOMAIN ANALYSIS
Low-Frequency Breakdown Problem in Frequency-Domain Full-Wave Analysis
The time-harmonic form of A formulation (6) has the following form,
where ω is the working frequency. The finite element discretization of Eq. (23) leads to the following equation,
Compared with the conventional full-wave analysis, the generalized Lorenz gauged A formulation (23) involves an additional term εgrad (χ −1 divεA) which corresponds to R. By contrast, the finite element discretization of conventional E formulation gives rise to the following equation,
Gauss's law is not taken into account since it is automatically satisfied in the case of high working frequency, provided that the imposed current excitation J is physically compatible, which is divJ = 0. However, numerical difficulty appears when the working frequency ω approaches zero. In this case, the divergence free constraint cannot be derived from the full-wave E formulation. Numerically, the positive semi-definite matrix K dominates the coefficient matrix, so the coefficient matrix K − ω 2 M becomes ill-conditioned and even singular. On the other hand, although the current J is physically compatible, the vector iωζ in Eq. (25) is probably incompatible in the discrete system of Eq. (25); in other words, iωζ does not belong to the range of K. Therefore, the low-frequency breakdown happens. In Eq. (24), the null space of discrete double-curl operator K is removed by the introduction of R. Therefore, the discrete system in Eq. (24) is positive definite in the range of low-frequency, and its condition number remains stable when ω tends to be zero.
Spurious Linear Growth Problem in Time-Domain Full-Wave Analysis
In the conventional time-domain full-wave analysis, there is a spurious linear growth in solution if the simulation is carried on long enough time. Consider a source-free problem and take E formulation for example, curlνcurlE + ε∂
Assume that E(t) is the physical solution of Eq. (26), then the solution,
also satisfies Eq. (26). It contains a non-physical solution tgradV which is curl-free in space corresponding to zero modes and grows linearly with respect to time in theory. Here we use formulation (6) to destroy the linear growth of spurious modes in numerical solution. By employing the compatible finite element method with diagonal lumping, we obtain the following ordinary differential equations,
By means of the generalized Lorenz gauged formulation, spurious zero modes now become simple harmonic vibrations with finite periods. Compared with shifting frequency method [7] , a merit of Eq. (28) is that it does not pollute physical modes when suppressing spurious zero modes. The spatially discrete system in Eq. (28) is integrated in time using the Newmark-β method with integration parameters β = 0.25 and γ = 0.5, and the fully discretized form can be derived as 0.25Δt
Solution of the Discrete Linear Systems
As we have mentioned above, K is positive semi-definite, and M is positive definite. Considering frequency-domain full-wave E formulation, when the working frequency ω is larger than zero, the coefficient matrix in Equation (25) becomes indefinite, so a MINRES solver, instead of the CG solver that only works for symmetric positive definite system, should be generally used. However, if ω is extremely low, Equation (25) probably leads to the breakdown of the MINRES solver. Fortunately, the coefficient matrix in Equation (24) is symmetric positive definite when frequency ω is very low including the limit case of zero, allowing us to use either CG method or MINRES method. By contrast, in time-domain analysis, instead of solving Equation (29) in every step, we calculate the inverse of the coefficient matrix once and obtain an explicit expression for transient solution as follows,
NUMERICAL EXAMPLES
Numerical examples are used to verify the validity of the proposed method. The numerical experiments are mainly performed with MATLAB 7.1. The machine that we have used is a PC-INTEL, CPU E5-1620 v2 3.70 GHz process.
Spectral Distributions
It is well known that the spectral properties of the discrete system matrix provide important insight in the convergence behavior of the Krylov subspace methods [2] . In this section, the condition numbers are mainly compared among those discrete systems by using different methods. Here a quarter of sphere cavity with radius 1 m is taken into account. The model filled with air is divided into tetrahedra with outer faces defined as a perfect electric conductor. Figure 2 shows that two situations involving uniform mesh and nonuniform mesh are considered. Table 1 gives the information of finite element models.
(a) (b) Figure 2 . Finite element models, (a) with uniform mesh; (b) with non-uniform mesh. Here we denote the dimension of a matrix by "Dim", the number of non-zero elements by "N nz ", and the number of nearly zero and positive eigenvalues by "N 0 " and "N p ", respectively. Tables 2 and 3 provide the spectrum statistics of the discrete double-curl operator K, the discrete tree gauged doublecurl operator K t , and the discrete Lorenz gauged double-curl operator T . As shown in Tables 2 and 3 , K is highly singular with the nullity of N 0 , the number of free nodes. By contrast, the matrices K t and T are both positive definite. We also investigate their condition numbers which are defined as follows,
where max |λ| and min |λ| are the maximum and minimum eigenvalues of a matrix. Generally, a small condition number is desired for a linear equation, which often indicates a rapid convergence of Krylov subspace methods. Tables 2-3 show the matrix T has minimum condition numbers. Figure 3 
Low-Frequency Breakdown Problem of a Block Cavity
A block cavity 0.5 m × 0.5 m × 3 m, shown in Figure 5 , is taken into consideration. The structure is partitioned into 2549 tetrahedra with 2949 free edges and 400 free nodes. There are the perfect electric conductors in the planes of y = 0 m and y = 0.5 m. In the plane of z = 3 m, the end of the block cavity, the y component of E is set as 1 Vm. The exact solution of electric field intensity E in the cavity can thus be easily obtained: the y component of E along the x-axis is a sine curve with the period of 2πω −1 and the crest in the plane z = 0 m. It can be used to verify numerical solutions. Figure 5 . The finite element model of the block cavity problem.
In this example, when using conventional full-wave formulation, although MINRES converges within iteration criterion at all given frequency points, low-frequency inaccuracies arise in numerical solutions. Figure 6 plots the distributions of the y component of E along the middle line in positive x direction of the model. Clearly, at the frequency below 1.0×10 5 Hz, the wave profiles are distorted. By contrast, the numerical solutions by using the compatible discrete regularization method are consistent with exact solutions. Setting the tolerance 1.0 × 10 −8 and maximum number of iteration 1000, Table 4 provides the solution information in terms of iteration counts and time at different frequency ranging from 0 Hz to 1 × 10 8 Hz. The number of iterations is almost unchanged from 0 Hz to 1 × 10 8 Hz. Furthermore, due to the symmetric positive definite property of T − ω 2 M in a wide range of frequency, CG method is also an alternative solver. However, in every iteration, MINRES or CG method generally costs more time in formulation (24 
Low-Frequency Breakdown Problem Excited by a Cylindrical Current
In this example, a simple cylindrical coil with imposed current 1 Am −2 is placed in the center of a spherical volume which is backed by perfect electric conductor, as shown in Figure 7 . The permittivity and permeability in this model are the same as in air. The height, inner and outer diameters of the cylinder coil are 0.08 m, 0.08 m and 0.12 m, respectively, and the radius of the sphere volume is 1 m. Because the structure is symmetric, to save the computation cost, only a twelfth part, instead of the whole domain, is analyzed. The tolerance is 1.0 × 10 −8 , and the maximum number of iteration is 2000. Figure 7 . The finite element model of the cylindrical coil problem. Table 5 shows that the conventional formulation (25) encounters divergence under current excitation. At the frequency below 1.0 × 10 5 Hz, MINRES and CG methods both fail to converge within the maximum number of iteration. However, formulation (24) is rather robust at the whole given frequency band with the use of the MINRES method; it has no breakdown problem with decreasing frequency, possessing stable numerical performance in terms of iteration counts and time. On the other hand, it is amazing that even when the frequency has been as large as 1.0 × 10 8 Hz with apparent wave phenomenon in the cavity, there is no apparent increase of iteration counts and time with the Because the mixed finite element method has been proved stable and well-posed in time-harmonic electromagnetic problems, here we use its results to verify the accuracy of the conventional method and t proposed method. Figure 8 plots the distributions of the y component of imaginary electric field intensity E along the x-axis at different frequencies. It indicates that the result of the proposed method is consistent with that of the mixed finite element method even at extremely low frequency. However, the conventional method is reliable at high-frequency band but fails to predict electromagnetic fields at low-frequency band. 
Magnetostatic Problem of Cylinder Coil around a Cylinder Iron
Here an example of an iron cylinder with an assumed relative permeability 1000, shown in Figure 9 (a), is presented to verify the generalized Lorenz gauged formulation used in magnetostatic problems [16, 18] . The current density is assumed 1 × 10 6 Am −2 . Considering the symmetry of the model, only one eighth of the model is taken into account. The model is divided into 66558 tetrahedra consisting of 75978 free edges and 10483 free nodes. The no gauged formulation, generalized Lorenz gauged formulation and tree gauged formulation are all applied to solve this problem. For the tree gauged formulation, the degree of freedoms are reduced to 65495; however, it worsens the condition number and thus more iterations are required. By contrast, the generalized Lorenz gauged formulation has an improved condition number but with denser matrix. The no gauged formulation cannot converge to a solution with the use of CG method, whereas the tree gauged formulation and generalized Lorenz gauged formulation both converge. Figure 9 (b) plots and compares the z-component of the magnetic flux density along the x-axes using the tree gauged formulation and generalized Lorenz gauged formulation. These results of magnetic flux density are in overlap agreement with each other, which demonstrates the accuracy of the generalized Lorenz gauged formulation. However, those two formulations show different numerical performances. Table 6 gives iteration information including the counts and times. The generalized Lorenz gauged formulation spends more time than the tree gauged formulation in each iteration because of its less sparsity, but needs fewer iterations due to improved condition number. On balance, the generalized Lorenz gauged formulation is more efficient than the tree gauged formulation in this example. 
Spurious Linear Growth Problem Excited by an Initialized Field
Here a block cavity model, having the same geometry of Figure 5 , is used to illustrate the suppression of the spurious linear growth problem in time-domain analysis. The spurious linear growth generally exists in the transient analysis, though sometimes it is not noticeable in limited computational time. Once the curl-free distribution is generated, the spurious solution will linearly increase with time no matter how small it is at the initialized moment.
In this example, a coarser mesh is adopted for the model to reduce the computation cost. is set up at the middle plane of the block. The time step and total number of steps are set as 1 × 10 −9 s and 2 16 , respectively. Figure 10 (a) plots the time-varying solution of one edge at the middle plane computed by the conventional method, clearly showing that there is a spurious linear growth in the solution. Moreover, the spectrum of the solution, as shown in Figure 10 (b), also reveals the nonphysical zero modes are involved in the transient solution. To suppress the spurious solution, we apply the generalized Lorenz gauged formulation to solve this problem. Figure 11(a) shows the spurious linear growth phenomenon disappears with the use of the generalized Lorenz gauged formulation. The spectrum distribution in Figure 11 (b) also indicates that those non-physical zero modes are completely removed.
(a) (b) Figure 11 . The solution in time-domain and its frequency spectrum using the proposed method.
CONCLUSIONS
In this paper, we introduce diagonal lumping in generalized Lorenz gauged charge-free A formulation. In this formulation, the discrete double-curl operator is transferred to a discrete quasi-Laplacian operator with improved condition number. Compared with using SAI for the inverse of mass matrix, the diagonal lumping can save computation cost and guarantee a sparser coefficient matrix. The formulation with diagonal lumping is applied in the frequency-domain full-wave analysis to overcome the low-frequency breakdown problem. It is shown that the formulation is more accurate and robust than conventional method at low-frequency band, including the limit case of magnetostatic field. Moreover, it can also be used in the time-domain full-wave analysis to suppress the spurious linear growth problem arising in conventional method.
